Marden theorem and Poncelet-Darboux curves 

Vladimir Dragovic 

Mathematical Institute SANU 
Kncza Mihaila 36, 11000 Belgrade, Serbia 

Mathematical Physics Group, University of Lisbon 

e-mail: vladadOmi . sanu . ac . rs 

Abstract 

The Marden theorem of geometry of polynomials and the great Pon- 
celet theorem from projective geometry of conies by their classical beauty 
occupy very special places. Our main aim is to present a strong and unex- 
pected relationship between the two theorems. We establish a dynamical 
equivalence between the full Marden theorem and the Poncelet-Darboux 
theorem. By introducing a class of isofocal deformations, we construct 
morphisms between the Marden curves and the Poncelet-Darboux curves. 
Then we present effective criterion in terms of pair of polynomials which 
defines a Poncelet-Darboux curve of degree n — 1, for complete decompo- 
sition of the curve on (n — l)/2 conies if n is odd; if n is even, complete 
decomposition consists of (n — 2)/2 conies and a line. This is an important 
question in the study of special, 'tHooft, instanton bundles. 
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1 Introduction 



Although it is impossible to distinguish the nicest mathematical result, proba- 
bly many mathematicians would agree that the Mardcn theorem of geometry of 
polynomials and the great Poncelet theorem from projective geometry of conies 
by their classical beauty occupy very special places. Our main aim is to present 
a strong and unexpected relationship between the two theorems. We establish 
a dynamical equivalence between the full Mardcn theorem and the Poncelet- 
Darboux theorem. By introducing a class of isofocal deformations, we construct 
a morphism between a Marden curve and a Poncelet-Darboux curve, using the 
Moser trick and the Flashka coordinates. As a byproduct, we get complete de- 
scription of cyclic-symmetric n-correspondences of P 1 . Then we present effective 
criterion for complete decomposition of a transversal Poncelet-Darboux curve 
of degree n — 1 on (n — l)/2 conies if n is odd and on (n — 2) /2 conies and a line 
if n is even in terms of pair of polynomials which defines the Poncelet-Darboux 
curve. This is an important question in the study of special or 'tHooft instan- 
ton bundles (see [T5],[2D], [10], [FJ, [U] and references therein). We finish by 
introducing a new class of bifocal deformations and relating it again to classical 
Darboux results. 

The idea to relate Marden's theorem with Poncclet's theorem appeared after 
our careful analysis of the proof of the Siebeck theorem for n — 3. For the 
reader's sake and for self-completion we included an Appendix with explanation 
of basic steps of the proof of the Siebeck theorem, following [T2] and references 
therein. 

In the next Section [5] we formulate theorem of Siebeck, its generalization - 
the Marden theorem and theorems of Poncelet and Darboux. 

The Section[3]is devoted to introduction of isofocal dynamics, which appears 
to be integrablc. By application of the Moser trick and the Flashka coordinates, 
we get explicit trivialization of the dynamics, see Theorem [7] A birational 
morphism between the data which define a Mardcn curve and the data defining 
a Poncelet-Darboux curve is established in the Theorem [8] 

The main question treated in the Section [4] is about necessary and sufficient 
conditions on pair of polynomials which defined a transversal Poncelet-Darboux 
curve S of degree n — 1 to be completely decomposed on (n — l)/2 conies for n 
odd; for n even the complete decomposition assumes decomposition on (n — 2)/2 
conies and a line. In a generally very nice paper [19] this question has been 
treated explicitly, but in unsatisfactory way (See Sec. 5.5 of [TO] : unfortunately 
the conditions mentioned there arc neither sufficient nor necessary). Here, we 
propose a systematic approach to this important and difficult question. Very 
strong necessary conditions are formulated in the Theorem [9j It leads to the 
study of elliptic coverings of elliptic curves and to the theory of transformations 
of elliptic functions which was established by Jacobi (see [UJ). In order to get 
sufficient conditions, one needs to examine if above transformation is cyclic, see 
Theorem IT2"1 For n = 2 k m with m odd all above transformations are cyclic for 
k = 0,1, but not for k > 1, see Theorem [TT1 
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In Section |4~31 we demonstrate effectiveness of the previous considerations. 
For n = 3,5,7 we give complete list of pairs of polynomials which define com- 
pletely decomposable Poncelct-Darboux curves of degree n — 1. Moreover, we 
describe corresponding initial conditions of the isofocal deformations. 

In the last Section [5] we briefly mention three related problems: the bifo- 
cal transformations; the Toma - Trautmann case of conic component and the 
positivity problem in isofocal dynamics, connected with infrapolynomial inter- 
pretation of the Marden theorem. 

2 Preliminaries 

2.1 The Marden theorem 

One of the basic theorems in geometric theory of polynomials and rational 
functions has a long history and is usually referred as Marden 's after appearance 
of the book [13]. The earliest version of this theorem, up to our best knowledge, 
goes back to 1864 when Siebeck (see [18]) formulated and proved it for the case 
of polynomials with simple roots: 

Theorem 1 (Siebeck [18j) Let P(z) be a polynomial of degree n > 3 with 
complex coefficients, such that the zeros ai,...,a n are simple and every three 
noncollinear. There exists a curve C of class n—1 tangent to every line segment 
[otitCXj] at the midpoint. The foci of the curve C are zeros of the derivative 
polynomial DP(z) = P'(z). 

In the simplest case n = 3 the curve C is a conic, inscribed in the triangle 
formed by the zeros of a polynomial of degree 3 and tangent to the sides of the 
triangle at their midpoints. Even in this, simplest case, the result of the Siebeck 
theorem is nontrivial and interesting and attracted lot of attention not only in 
the past but also nowadays (see for example [12]). 

Previous results were extended to the cases with not all roots being simple. 
Consider a function of the form 

P(z) = (z- ai) mi (z - a 2 )™ 2 • • • (z - a„) m ", (1) 

where all ctk are distinct, every three noncollinear and N = m\ + 7712 + ■ ■ ■ m n . 
The zeros of the derivative DP are divided into two groups. In the first group 
are those cti for which m, > 1. The second group is formed from simple zeros 
of the function, in other words from the zeros of the logarithmic derivative LP 
of P. Since the positions of the zeros of the first group are known from the 
beginning, the interesting part is location of the members of the second group. 
Thus, consider the function F(z) = LP(z) = d[logP(z)]/dz: 



Historically, the constants mi in the last expressions were firstly considered 
as positive integers. Then, step by step, that condition has been relaxed up 
to the condition that vtii are nonzero real numbers, as we can find in Marden's 
formulation (see [T3], p. 11, Th. 4.2): 

Theorem 2 (|13j, p. 11) The zeros of the function 

F(z) = + + 3 

z — a.\ z — a n 

where are real nonzero constants, are the foci of the curve of class n — 1 
which touches each line-segment [ai,ocj] in a point dividing the line segment in 
the ratio mi : rrij. 

A good account of a century-long path from the Theorem [1] to the Theorem 
[2] one can find in Marden's book [13], together with references. Thus we are 
going to omit them here. 



2.2 Darboux Theorem and Poncelet-Darboux curves 

Now we pass to quite different subject, which appeared in the theory of conies 
in the context of the great Poncelet theorem [T7]. An overview of the history 
of the subject together with presentation of contemporary state of art one may 
find in [6] , [7] . We start here with one of Darboux's original formulations of his 
theorem. 

Theorem 3 (Darboux, [4 J p. 248) Si une courbe d'ordre n—1 contient tous 
les points d y inter section de n tangents a une conique, elle contient aussi les 
points d 'inter section d'une infinite d'autres systemes de n tangentes a la meme 
conique. Chacun de ces systemes est defini par V equation 

4>{p) + kf(p) = (4) 
ou k designe une constante arbitraire. 

Darboux had been interested in this matter for about fifty years and he 
published several variations of the last theorem (see for example [5]). Slightly 
changing terminology from [20], we will say that a curve S of degree n — 1 is 
Poncelet-Darboux related to a conic K if the curve S and the conic K satisfy 
conditions of the previous theorem. The set of all such curves of degree n — 1 
which arc Poncelet-Darboux related to a fixed conic K will be denoted as 

Pon — Dar n -i(K). 

We will say that the n tangents ti, ti, ■ ■ ■ , t n of a conic K from the previous 
theorem form a Poncelet n-polygon P n = T1T2 . . . T n , where Ti = ti D fcj+i for 
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i = 1, . . . , n — 1 and T n = t n n f i if there exists a conic C such that Tj 6 C 
for i = 1, ... ,n. In that case we will say that conies C and if are n-Poncelet 
related. 

Here is a formulation of the Poncelet Theorem: 

Theorem 4 (Poncelet, [17] ) If two conies C and K are n-Poncelet related, 
then there are infinitely many n-polygons circomscribed about S and inscribed 
in C. Moreover, arbitrary point of the conic C may be chosen for a vertex of a 
such Poncelet n-polygon. 

If the n tangents from the Darboux Theorem [3] form a Poncelet n-polygon 
inscribed in a conic C, Darboux proved that the curve S of degree n — 1 then 
completely decomposes. More precisely, Darboux proved the following 

Theorem 5 (Darboux, [4]) If a curve S of degree n— 1 is Poncelet-Darboux 
related to a conic K and if there is a conic C , a component of S which is n- 
Poncelet related to the conic K , then for n = 2k + 1 the curve S is completely 
decomposed on k conies and if n = 2k it is decomposed on k — 1 conies and a 
line. 

In the case of decomposition of Poncelet-Darboux curve, the conic compo- 
nents are parts of what we called the Poncelet-Darboux grids. Further gener- 
alizations of Darboux theorems and Poncelet-Darboux grids are obtained very 
recently in [7]. 

Among other modern investigations in framework of the Darboux theorems, 
we should mention here [TH], [10], [Hj and references therein, where Poncelet- 
Darboux curves are related to the study of stable bundles, instanton bundles 
and their decomposition. 

We reformulate the Darboux Theorem [5] following [JS] : 

Theorem 6 (Darboux) Let K , S be a nondegenerate conic and a curve of 
degree n— \ in the projective plane FW and let (3 : W W* be a nondegenerate 
bilinear form. Assume that there are n points on K such that the points of 
intersection of any two lines associated to these points by f3 belong to S. Then, 
S is Poncelet-Darboux n — 1 related to K . 



2.3 Some notations and notions 

We will use the following notations. 
By 

{xi,x 2 , ■ ■ ■ ,x h }m (5) 



G 



we will denote a multiset, meaning that number of appearances of an item is 
important, but the order no; the notion of divisor has synonymous meaning. 
The standard symmetric functions of n quantities (ai, . . . , a n ) will be denoted 

as 

n 

<7i(ai, . . . , a n ) = a,i) 

i=l 
n 

Q- 2 (ai, • • • )Ore) = /] a i a j'i (6) 



a n (ai, . . . , a„) = aia 2 • • ■ a„; 

when one of the quantities, afc, is omitted, the symmetric functions of the n — 1 
rest quantities will be denoted as 

<7o(ai, . . . ,a„) = 1 k = l,...,n 

n 

Ol(ffli,...,On) =y^Qj fe = 1, ...,7i; 

CTgCoi, . . . , a„) = ^ a,a 3 - fc = 1, ...,n; 

0"n(°li • ' ■ > a ») — a l fl 2 ' ' ' afc-l a fc+l •••O m , k =1,.. .,11. 

We will use also vector notation 

~ai{a-i, . . .,a n ) = {a}(a\, . . .,a n ),a}{ai, . . . ,a n ), . . .,<j™ (oi, . . . ,a„)), (8) 
for i = 0, 1, . . . , n; 



m = (mi, . . . ,m„), 

7t fe C 

fc=l 



Let us recall some traditional notions: </ie cyclic points are points on the 
infinite line with coordinates I = (1, i, 0) and J = ( 1 , — z, 0) . A line is isotropic 
or minimal if it is finite and passes through one of the cyclic points. For a given 
curve, a point is focal if it is intersection of two isotropic tangents to the curve 
with finite points of contact with the curve. As an example, an ellipse has four 
focal points: a pair of real foci and a pair of imaginary foci. 
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3 Isofocal deformations 



3.1 Definition of an integrable dynamical system 

Let us start with a function of the form 

P\z) = {z- c$)<(z - a°r° ■•■(*- a°r», (10) 

where all a° are distinct, and consider its logarithmic derivative F°(z) = LP°(z) ■■ 
d[\ogP°(z)]/dz: 



Let us set 



where 



n, ^ to? to2 f(z) 

F°z) = + + ^ = 44, 12 

z — o?[ z — a\[ <p(z) 

0(z) = (*-a°)(z-a°)---(z-a£) 

/(z)=Em°n^-«?)- (13) 

One can easily see that 

/(*) = B n z n ' x + ■■■ + B t z 1 - 1 + ■ ■ ■ + B 1 (14) 
where, using notations from cq. |(5J) and cq. we have 

B i = (ti°,-? n - i (a° 1 ,...,a° n )}. (15) 
We point out two particular cases. 

Lemma 1 (a) The function f is equal to the derivative of (J) if and only if all 
m- are equal to 1. 

(b ) The function f is constant if and only if 

m l[ao,ffi,...,(T n -2]- (16) 

Before proceeding with introduction of dynamics, we are going to consider 
the simplest case as an example. 

Example 1 Let us consider the case n = 3. According to the Marden Theorem 
\^for n = 3, there exist a Marden curve K, which is in this case, a conic. Its 
focal points Z\ and Z2 satisfy f(zi) = 0, under the condition deg/ = 2. Again, 
by the Marden Theorem^ the conic K touches line-segments [a®, eft] in the 



ratio m,; : mS. 
1 j 



Now, since the lines (a?,a°) are tangent to the conic K, we may apply the 
Darboux Theorem^ The triplet of the conic K and the two polynomials <f> and f 
uniquely determines the Poncelet-Darboux curve PPjf(a5, a®, 03, wi?, m\, m®) = 
VT>k{4>, /)■ The curve VT> k{4>, f) is a conic. 

Thus, the conies VDk{4>t f) an d K are 3-Poncelet related. 

According to the theorems of Poncelet and Darboux, there exists another set 
of three points a\,a\, a\ which belong to the Poncelet-Darboux conic VDk{4>, f) 
such that the lines [a\,oq) are tangent to the Marden conic K. The triangle 
a\,al, a\ is a Poncelet triangle with the caustic K and the boundary VT>k{<I>, /)• 

Now, we want to apply the Marden Theorem [H with a new polynomial 

<j>! (z) = (z- a\)(z - a<2)0 - a l) 

instead of '</>. In order to do that, we determine new "masses" {m\,m\,m\) such 
that the polynomial f rests unchanged. More precisely, we calculate (m\, m\, m\), 
up to a scalar factor, from the system of linear equations: 

Bz = m 1 + Tn 2 + m 3 

B 2 = m\{a\ + al) + m\{a\ + al) + m\{a\ + a\), (17) 
B\ = m\(a\al) + m\(a\al) + ml(a\a\) 

where the constants B\, B2, -B3 are determined from the equation H15\ ) 

Bi = (SVn-,K,a2.«3))- 

Since f is unchanged, the focal points of the Marden curve in the new case are 
the same as focal points of K. We deduce now that the Marden curve of the new 
case is equal to K , because among confocal conies there is at most one inscribed 
in a triangle. 

By a new application of the Marden theorem, we finally get a new informa- 
tion concerning Poncelet triangles. We are able to deduce the ratio of tangency 
of a new triangle by the caustic K: 



alPl 


d\a\ 


= m 3 


m\, 








= ml 


ml, 


(18) 






= m\ 


ml, 





where 0\ denote points of contact of the caustic and the triangle. 

If the degree of the polynomial f is equal to 1, then the conic K is a parabola. 
Thus we finish the Example with a nice classical Lemma: 

Lemma 2 (folklore) If parabola touches three lines of a triangle ABC, then 
the focus belongs to the circumscribed circle to the triangle ABC . 

If the polynomial f is constant, then the conic K is a circle. 



The last Example, although treatise the simplest case n = 3 is very instruc- 
tive. In order to extract a new statement about ratios of tangency of a new 
Poncelet triangle as it is formulated in cq. (|18|) . one needs several nontrivial 
steps of alternative use of the Marden and the Poncelet- Darboux theorems. In 
case n > 3 we cannot follow the same lines, because the Marden curve is not a 
conic any more and one cannot build up the Darboux theorem straight on it. In 
order to link together the Marden and the Darboux Theorems in general case 
we need to develop much more subtle approach. 

From the last Example, we learnt that it was fruitful idea to pass from one 
Poncelet triangle to a new one by a transformation which keeps the polynomial 

f unchanged. 

Following this principle, we introduce a new dynamics, which depends on 
continuous "time" parameter t and which has quantities (a°, . . . , al) and (ml . . . 
as the initial data. More precisely, we introduce functions: 

ai{t) = ai(t,a°, ...,a°,m°,.. - ,m°), 
a 2 (t) = a 2 (t, a°,..., a°, m°, . . . , m"), 



(19) 



a n (t) 


= a n (t, a°, . . 


a 


ml.. 


.,m°), 


mi(t) 


= mi(t, a°,.. 


a 


ml.. 


■,<) 


m 2 (t) 


= m 2 (t,a° 1 , . . 


a 


ml.. 


■,<) 



M = m n (t, al . . . , a° , ml..., m° ) 



in order to satisfy 



= mi (t) m n {t) = f(z) 

tK) ' «-«i(t) z-a n (t) <j>{z) + tf{zY 1 ' 



with the initial conditions 

TOi(o) = ml i = 1, . 
Oi(0) = al 



(21) 



By the condition (|2ll|) , the function / keeps unchanged during the evolution. 
This means that focal points, as zeros of the polynomial / are fixed during the 
evolution. Thus, we will refer to such dynamics as isofocal dynamics or isofocal 
deformations. 

The polynomial / plays a role of an isospcctral polynomial. From the formula 



f(z) = J2 mi (t)l[(z-aM- (22) 



we get the following 
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Proposition 1 The dynamics U9l\20l\27]) has the coefficients of the polynomial 
f as first integrals: 

B, = (m(t),"CT n _j(ai(t), . . . , a n (t))), i=l,...,n. (23) 

We will use terminology positions in a moment t for a\(t), . . . , a n (t)) and for 
(mi(t), . . . , m n (t)) we will use masses although these masses will change during 
the time and might be negative as well. 

One of the first integrals is the law of conservation of masses. 

We will also use notation 

$ t (z) := <P(z) + tf(z) = (z- ai(t)) ■ • • (z - a n (t)). (24) 



3.2 Moser's trick and the Flashka coordinates 

We consider the function Q19p 



Ft{z) 



and we apply the Moser trick (see [2], [T5]) to develop it in a continued fraction 
of the following form. 



Ft(z) 



1 



z - b n 



(25) 



Z — bn- 1 — " 



The last formula (|25p gives us transformation from our dynamical coordinates 
(ai, . . . , a n , mi, . . . , m n ) to the new coordinates (ax, ct2j • ■ ■ , Qn-i, &i 7 ^2, ■ ■ • , &n)- 
The last set of coordinates we will call the Flashka coordinates (see jS], [T4].[15jV 

To construct the inverse transformation we consider the Flashka Lax matrix 
L n for the n-point Toda chain (see [S], [T4],|15j): 



Lu = 



"i 
b 2 



bk-i 
ak-i 



ak-i 
bk 



Denote 

S k = detLfc. 

The following well-known difference relations take place 



(26) 



5 k = (z - 6 fc )5 fc _i 



_i<5fc-2, k = 3, . 



(27) 
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The inverse transformation from the Flashka coordinates to the initial dynamical 
coordinates is defined by the formula (see [T3]): 

Ft{z) = § -f±. (28) 
From the last formula and from 1201 we conclude 

Lemma 3 The time evolution of S according to dvnamics \2(A satisfies: 

«»-l(t) = *n-l(0) 

5 n (t) = S n {0) + tS n - 1 (0). 

From the Lemma ((31) one concludes that 

1° only b n among the Flashka coordinates depends on t; 

2° the coordinate b n depends on t linearly. 
Thus we have the following 

Theorem 7 The dynamical system i20\) trivializes in the Flashka coordinates, 
where it gets the form 

di = b\ = 
d 2 = b 2 = 

(30) 

d„_i = b n -i = 
K = -1. 



3.3 Prom Marden's curve to Poncelet-Darboux curve 

Following Mardcn, denote C a a the line equation of the point a® = Xj + iy,\ : 

C a o = Xxj + ^yj — 1 , 

the equation of all lines passing through the point a®. The equation of the 
Marden curve (see [T3], equation (4.10)) is deduced from the condition 

n 

^t°=°' (31) 

3 = 1 a 3 

We will denote the last curve M.(a\, a°, . . . , a° , to?, m°, . . . , m n ). Now we pass 
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to projective plane. We see it as projective space of quadratic polynomials: to 
a polynomial P(z) = a(z — b) (z — c) we associate the point (— (c + 6), cb, 1). The 
projection 

7T : CP 1 x CP 1 -> CP 2 (32) 
is branched over the conic K with the equation 

z\ = 4z z 2 . (33) 

In this presentation, to a linear polynomial a(z— a®) corresponds the line (a°), 

tangent to the conic X. This line is the set of all quadratic polynomials which 
have polynomial z - as a factor. 

To develop further this connection, following Darboux (see [4]) we introduce 
new system of coordinates. Given a plane with standard coordinates (zo, z\, z 2 ), 
we start from the given conic K. It is given by the equation (|33p and rationally 
parameterized by (s 2 , 2s, 1). The tangent line to the conic K through the point 
with the parameter Sq is given by the equation 

itfr(so) : z 2sl + zxs + z = 0. 

On the other hand, for a given point P in the plane with coordinates P = 
(£o, Z\, z 2 ) there correspond two solutions p and p\ of the quadratic in s equation 

z 2 s 2 + zis + z = 0. (34) 

Each solution correspond to a tangent to the conic K from the point P. We 
will call the pair (p, pi) the Darboux coordinates of the point P. One finds 
immediately 

zo zi 

= ■ = z 2 . (35) 

PPx P + Pi 

The line tx (a°) which corresponds to the point a° and to the linear polynomial 
a(z — a®) has the following presentation in the Darboux coordinates: 

t K (a}})(p,pi) = (p-a^ipi-a?). 
The Poncelct-Darboux curve is done by the equation 

" m° 

Y — t^ttt = 0- (36) 

In Darboux coordinates it may be rewritten in the form 

HP) _ f(pi) 



(37) 



4>{p) <t>{pi) 

The curve defined by last equations we will denote as VT>k{4>, f)- From the 

equations (|3ip and (|36| and whole previous considerations we get the following 
theorem. 
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Theorem 8 There is a birational morphism defined by the equations and 
{HP between the data of Marden curves (a°, a®, ■ ■ ■ , ct n , m?, m^, . . . , m„) and 
i/ie daia (<j>, f) of Poncelet-Darboux curves associated with the conic K. There 
is a birational morphism between dual of projective closure of a Marden curve 
M.(oc{, a®, ■ ■ ■ , ct„, rrii, m 2i ■ ■ • i m n) an d th- e Poncelet-Darboux curve VT>k{.<\>-, f) 
with corresponding data. 



3.4 Discriminant and gauge equivalence 

The morphism from the previous Theorem ||5J) fails to be one to one for those 
ot{, a®, ■ ■ ■ , a n for which the system of linear equations in [rn\, m®, ■ ■ ■ , m n ) given 
by the equations (|23p has determinant D{a\, a®, • • ■ , ct n ) equal zero. The con- 
dition 

D(a°i,a° 2 ,...,a n ) = 

is equivalent to a? = a® for some i ^ j. 

We will refer to configurations (ai(t), a>2{t), ... , a n (t), mi(t), TU2(t), . . . , m n (t)) 
such that on (t) = ctj (t) for some i ^ j as points of collision. Such a moment £ 
we will call moment of collision. If there is no k 7^ i, k 7^ j such that in addition 
= ctj(t) = afc(t) the point of collision is simple. The system is simple if it 
has only simple collision points. 

W^e iot/Z assume that system passes smoothly through a collision point in the 
phase space. 

4 Complete decomposition of Poncelet-Darboux 
curves, n- volutions and collisions 

4.1 n- volutions 

By an n-volution in a set V we will assume a family of multisets A n , a subset 
of the n-th symmetric product Sym n V such that there is a unique function /: 

such that v £ f(v). In some classical terminology is used notion of cyclic- 
symmetric correspondences. 

If a £ A n is a multiset such that its cardinality is less than n we will say that 
it is a collision point of the n-volution. In other words a = {ct\, . . . , a„},„ is a 
collision point if there exist ot\, . . . ,otk, k < n and natural numbers ci, . . . , Cfc 
such that 

a = {ai, . . . , a n } m = ciai + . . . c fe afe. 

The basic examples of n- volutions are involutions, which correspond to n = 2. 
Then, the notion of collision point coincides with the notion of fixed point. A 



14 



nice case are involutions of a conic. By the Fregier theorem, we know that for 
every involution on a conic, there exists a point, the Fregier point such that 
the involution is cut from the conic by lines from the pencil determined by the 
Fregier point. 

Wc pass now to the case of CP 1 . By Luroth Theorem we know that every 
n-volution is determined by a pair of polynomials p, q of degree n. 

Consider the pencil pt(z) = tp(z)+q(z) and the roots a,i(t), . . . , a n (t). There 
is a one-parameter family of n-tuples. From the following system 

tp(ai(t))+q(a 1 (t))=0 
tp(a 2 (t))+q(a 2 (t))=0 

we get 

(ai(t) - a 2 (t))r(a 1 (t),a 2 (t)) = 0. 

Here r is of degree n — 1 in ai and symmetric. When t varies, r(a± (t), a 2 (t)) 
defines a curve. 

The question is how to describe all such r. Following the lines of Section (|3.3[) 
we pass to CP 2 and correspond to a n-tuple of n linear factors (z — ax), . . . , (z — 
a n ) a polygon of n-sides circumscribed about the conic K . Thus, we have the 
following 



Proposition 2 An n-volution defined by polynomials p, q of degree n is associ- 
ated to a curve from Pon — Dar n -\(K) given by the equation 

detAo K(z) = 0. 

The (n — 1) X (n + 1) matrix A annihilates the pencil generated by p, q and the 
matrix K(z) is induced by the conic K and it has the form 



( 



K(z) 



-2 

-Zl 

zq 






z 2 
-z 2 
zo 



\ 



-2 

-zi 
zq ) 



The last equation follows from [19] . A linear system L = L(p, q) has a base 
point if polynomials p and q have a common root. From [19j we have that the 
base points of the linear system correspond to the components of the Poncelet- 
Darboux curve which are tangent lines to the conic K. From |19| we also have 
the following description of the collision points. 

Proposition 3 Let C be a Poncelet-Darboux curve with respect to the conic K 
such that the corresponding linear system L = L(p, q) doesn't have base points. 
Then for a given point P = (sq, to) G K and an integer k > the following are 
equivalent: 
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(A) the intersection multiplicity of K and C at P is equal to k; 

(B) (so ) to) is a zero of order k of a unique polynomial h £ L(p,q). 

Example 2 Now, we want to calculate the number of generalized Fregier points 
in the case of pencils of curves of degree k. The pencil of curves of degree k 
has a base set of ( fe ^ 2 ) — 2 points. A curve of degree k intersects the conic K 
in n = 2k points. But, between a polynomial of degree n = 2k and a curve of 
degree k which determine the same set of 2k points on the conic K, there is a 
correspondence which is not bijective, due to the relation 

4z z 1 = z\ 

which holds on the conic K by definition. Thus, one needs to fix additionally {^) 
points outside the conic to get uniqueness. As a result, the number of generalized 
Fregier points for an n- volution is 




= 2k-l. 



For the case n = 2k — 1 one needs also to fix a point on the conic K , since the 
number of intersections of a curve and a conic is always even. In this case the 
number of generalized Fregier points is 2k — 2. 

In both cases, with n even or odd the total number of generalized Fregier 
points is equal n — 1 . This number coincides with the number of focal points in 
the Marden Theorem. Is there a natural bisection between these two sets? 



4.2 Conic component and complete decomposition of Poncelet- 
Darboux curves 

From the last Proposition we see that the intersection of a Poncelet-Darboux 
curve C and the conic K is transversal if and only if corresponding system is 
simple in terminology of the Section (|3.4[) . If a Poncelet-Darboux curve C 
satisfies any of two equivalent conditions of the Proposition © , we will say that 
it is transversal. Thus, the linear system which corresponds to a transversal 
Poncelet-Darboux curve contains polynomials with at most double roots. 

From now on we will consider transversal Poncelet-Darboux curves. Let us 
consider first the simplest case of curves of degree 2. 

Example 3 Let C be degree two Poncelet-Darboux curve with transversal inter- 
section with the conic K . Denote four intersection points Cf\K = {x\, X2, X3, X4}. 
Denote four common bitangents ti, i = 1, . . . , 4 and denote points of contact of 
the tangent ti with the conic C as yi and the point of contact with the conic K 
as di- 
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The conic C is 3-Poncelet related to the conic K . By the Poncelet theorem 
this means that there is a triangle inscribed in C and circumscribed about 

K with arbitrary point of C taken as a vertex. 

Choose any of the points j/j, say y\ as a vertex. Then y\ is a double vertex 

of a Poncelet triangle. The third vertex of the Poncelet triangle is one of the 

points X{ and the Poncelet triangle is yiyiXi. Thus we get 

Lemma 4 With use of previous notations, for any point yi there is a point Xj 
such that the line yiXj is tangent to the conic K at the point Xj. The triplet 
(jjiyiXj) forms a Poncelet triangle. 



Coming back to the general case of transversal Poncelet-Darboux curves of 
degree n — 1, let us study the case when a curve 5* has a conic component C 
which is n-Poncelet related to the conic K . According to the Darboux theorem 
([5]) then the curve S is decomposed as a product of k conies if n = 2k + 1 or as 
a product of k — 1 conies and a line if n = 2k. 

Any conic Ci defines a symmetric 2 — 2 correspondence of the Euler-Chasles 
type $i such that a point P belongs to the conic C ?; if and only if (p, pi ) = 
where (p, p\ ) are the Darboux coordinates of the point P. Darboux proved the 
Theorem using these correspondences together with the opposite statement 
that a symmetric correspondence determines a conic from the pencil. We know 
that correspondences commute if the conies belong to the same pencil with the 
conic K. Moreover, we have 

Lemma 5 Suppose the lines t\, t2, . . . , t n are given such that {Pi} := tjflii+i G 
Ci and {P n } '■= t n fl t% € C„, where conies Ci belong to a confocal pencil 
together with the conic K . Denote related Euler-Chasles correspondences as <J>i. 
// multisets are equal 

{ C2, C3, . . . Cfe}j\f — {C„_i, C„_2, • • ■ , C n ^k+l} M 

then there exist a conic Co from the confocal family which contains the point Pi 
and the point Pk+i, n -k ■= ifc+i H t,i-fc. 

Proof. The Lemma follows from the fact that in the plane there arc two conies 
from a confocal family which contain a point Pi. In our notation one conic is 
Ci, denote the other one as Co with the Euler-Chasles correspondence $0. We 
have: 

$ fe o---o$ 2 o$ 1 (f 1 )=t fe+1 

(00) 

$ fc O.--O$2°$0(<l) =*fe+l- 

Using commuting property, we get from the last equation 

$0 o $ fc o • ■ • o $ 2 (*i) = t k+1 . (39) 
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Consider the intersection of the lines 

Vw°- $ n-2° *n-l(*l) 

and tk+i- Denote by <& the Euler-Chasles correspondence associated with the 
conic C such that 

$„_ fe+ io...$„_ 2 o$„_ 1 (t 1 )ru fe+ i e C. 

Thus we have 

l> o $„_fe+l ° • ■ ■ ®n-2 o $n-l(*l) = 

From the assumption of the Lemma, the last equation and from the equation 
l|39p it follows that C = Co, giving the proof of the Lemma. □ 

There is an important special case of previous Lemma, when all the conies are 

equal: C 2 = C 3 = • • • = C k = C n _i = C n _ 2 = • ■ • = C n -fc+i- In the case 
of Poncelet n-tangles even more is true: Cj = Cj for any i,j = 1, . . . , n. The 

union of k conies if n = 2k + 1 or k — 1 conic and the line if n = 2k together 
with conies from the previous Lemma ([5]) form the complete projective Poncelet- 
Darboux grid. For the study of Poncelet-Darboux grids see [7] and references 
therein. Notice that transversal conies from the Lemma JS} doesn't form a 
decomposition of a Poncelet-Darboux curve. 

Example 4 Suppose that all vertices of a triangle lie on a conic C\ , one of the 
sides touches a conic C2 and the other two sides touch the conies tC\ +6*2=0 
and sC'i + C2 = respectively. If the three points of contact are not collinear, 
then 

(I 3 - /its) 2 - Ah{I 2 + h{s + t)) = 0, 
where Ii, 1%, I3, 14 denote invariants of the pair of conies (Ci,C2). 



Example 5 Let P\, P2, . . . , P n , . . . be points on a conic C\ such that there exists 
a conic C2 to which all sides PiPi + i are tangent. Assume Pk+2 7^ Pk- Then 
that lines AiAk+i, A2A k +2,- ■ -AiAi + k touch the conic tkC\ + C2 — where 



ta = 0,t a 

and 



+1 



4/i/4 

(Jl - 4/2/3) - iWk 
Iltltk-1 



The condition for two conies K and C to be n-Poncclet related has been 
derived by Cayley. Recent account of the subject can be found in [6], [7]. 

Here, we want to present a condition for two polynomials 0, / of degree n 
in order that corresponding Poncelet-Darboux curve S = VT>k{4>, f) G Pon — 
Dar n _i(K) has a conic component n-Poncelet related to the conic K. 
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Theorem 9 Let a transversal Poncelet-Darboux curve: 



S = VV K ((f>, f) £ Pon - Dar n ^{K) 
be given, where polynomials f and (f> are without common zeros. 

(i) For n = 2k + l, curve S is completely decomposed to k conies only if there 
exist four values ii, £2, £3, £4 such that 

dcgGCD (z), (z)j = k, (40) 

fort = 1,2,3,4; 

(ii) for n = 2k, curve S is completely decomposed to k — 1 conies and a line 
only if there exist four values ^1,^2,^3, £4 such that: 

dcgGCD U ti (z), £$ ti (z)) = k, (41) 



for k = 1,2, ana 



for fe = 3,4. 



Here, we denoted <$> ti {z) '■= 4>{ z ) + tif( z ), while GCD stands for the greatest 
common divisor of polynomials. 



Proof. Suppose that Poncclct-Darboux curve S of degree n — 1 completely 
decomposes. Then, denote by C its conic component which is n Poncelet related 
to the conic K. By assumption of transversality, conies C and K intersect 
in four points. As in Example ^ denote four intersection points C D K — 
{xi, X2, X3, X4}. Denote four common bitangents U, i = 1,...,4 and denote 
points of contact of the tangent ti with the conic C as yi and the point of 
contact with the conic K as c^. 

The conic C is n-Poncelct related to the conic K and according to the Pon- 
celet theorem Q there is a polygon of n sides inscribed in C and circumscribed 
about K with arbitrary point of C taken as a vertex. 

Suppose n is odd: n = 2k + 1. Choose any of the points t/i, say y\ as 
a vertex. Then y\ is a double vertex of a Poncelet 2k + 1-polygon. More- 
over, next k — 1 vertices c\, . . . , Ck-i are also double vertices. The last vertex 
of the Poncelet n-tangle is one of the points Xi and the Poncelet n-tangle is 
Cfc-i • ■ • ciyiyicx . . . c k -\Xi. 

Suppose now that n is even: n = 2k. In this case there are two pairs of distin- 
guished Poncelet n-tangles. Two of them are of the form Ck-i ■ ■ ■ c\yjyjC\ . . . Ck-iyiyi, 
for example for (i,j) = (1,2) and for (i,j) = (3,4). Each of them connect a 
pair of common tangents and it has all other vertices as double. Another pair 
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of distinguished Poncelet n-tangles connect pair of intersection points. For ex- 
ample the first one connects x\ and x 2 while the second connects x 3 with X4. 
All other their vertices are double. Thus these two Poncelet n-tangles are of the 
form dk-i ■ ■ ■ dixidi . . . du-\x 2 and e fc _i . . . eix 3 ei . . . eu-\x 4 . 



Lemma 6 If a transversal Poncelet- Darboux curve S = VDk(c\), /) G Pan — 
Dar n -i(K) has a conic component C which is n-Poncelet related to the conic 
K then: 

(i) for n = 2fc + 1 there exist four values t\,t 2 ,t 3 ,t 4 and four polynomials 
Qi, Q2, Q3, Qa such that 



*ix(*) 

*t,(*) 



= (^(z) +t 1 f(z) = (z - ai )Ql(z) 
= <P(z) + t 2 f(z) = (z-a 2 )Q 2 2 (z) 
= <f>(z) + t 3 f(z) = (z-a 3 )Q 2 3 (z) 
= <f>(z)+t 4 f{z) = (z - a 4 )Ql(z); 



(43) 



(ii) forn = 2k there exist four values t\,t 2 ,t 3 ,t^ and four polynomials Qi, Q 2l Q 3 
such that 



$ tl (z) := + tj(z) = {z- ai )(z- a 2 )Ql(z) 
$ t2 {z) := 0(2) + t 2 f(z) = (z- a 3 )(z - a 4 )Ql{z) 

:= ( j>(z)+t 3 f(z) 
$ t4 (z) :=4>(z)+Uf(z) 



?§(*) 



(44) 



From the conditions (j4"3")) and (|4"4")l immediately follow conditions (j4"0"l) and (|41 [) 

together with (|42|) of the Theorem respectively. This proves the Theorem. 

□ 

For the opposite direction, observe that from the conditions (|40p and (|41[) 
together with (|4"2")l of the Theorem follow the conditions of the Lemma (|4"3")l and 
(|4"4")1 by use of the transversality condition. From the transversality it follows 
that all multiple zeros of the polynomials in the pencil generated by / and <f> 
are of the second degree. Now, from the conditions (|43[) and (|44|) one can easily 
prove the following 



Lemma 7 Suppose the conditions and are satisfied. Denote by Y\ 

and T 2 the following elliptic curves: 



Ti :y 2 = {z- ai)(z - a 2 )(z - a 3 )(z - a 4 ) 

(45) 

T 2 :Y 2 = (X + h){X + t 2 )(X + t 3 )(X + t 4 ) 
Then, there is a n : 1 morphism 

h-.T^T^ h(z,y) = (X,Y), 
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where 

Y v Qi(z)Q 2 (z)Q 3 (z)Q 4 (z) 



/(*)' * P(z) 

From the last Lemma we see that question of decomposition of the Poncelet- 
Darboux curve defined by polynomials / and <j) corresponds to study of an 
unramified covering of degree n of the elliptic curve Ti over the elliptic curve 
T2- Such a covering is realized as factorization of the first curve by its finite 
subgroup. We can say even more about the above covering. 

Lemma 8 (a) There is a constant N such that 

Qi(z)Q 2 (z)Q 3 (z)Q4(z) = N (J-cj>(z)f(z) - 4>{z)^-J 

(b) There is a relation between holomorphic differentials of elliptic curves Ti 
and T 2 ■' 

dz dX 

7 = A - 

The proof follows by straightforward calculations. 

Denote by Ai and A2 lattices which correspond to the elliptic curves Ti and 
F2 respectively. Denote by u a parameter on T\. Then the covering defines 
correspondence between functions z(u\Ki) ^ X{u/N\h.2). Thus we get 

Lemma 9 For complete decomposition of the Poncelet-Darboux curve is neces- 
sary that 

n 

and 

aA 2 C Ai. 

Then, if all above conditions arc satisfied, one gets a Poncelet trajectory by 
choosing P £ Ti such that nP G aA 2 C A x . The points of the trajectory 
correspond to parameters uj = uq + jrj, j = 0, . . . , n— 1, where r\ corresponds to 
the point P. Denote by Cp a conic which corresponds to P in the pencil of conies 
generated with the conic K and its four tangents at the points 01,02,03,04. 
Then the conic Cp is n-Poncelet related to the conic K. 

The systematic study of elliptic coverings was established in [11] . We pass 
now to Jacobi's notation. By applying rational-linear transformations, we come 
to the canonical form of elliptic curves T 2 and Y\ and relation between differ- 
entials 

N dy dx 

V(i-z/ 2 )(i-Apy " y/o~^ Pxi-fc-^)- 

The constants k and A are the modules of the elliptic curves Ti and T2. 

Following Jacobi, for given n odd and given module k, we have explicit 
formulae for the transformations. 
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Theorem 10 For given n odd and for 

mK + m'K 1 

u = , 

n 

where integers m and m' have no common divisors which divide n, the trans- 
formation is defined by 

r—1 v 

(n-l)/2 

tf>(z) = (1 - x 2 ■ sn 2 4rw) 

r=l 
(n-l)/2 

A= Yl {sn 4 {K -Aruj)) . 

r=l 

The transformation corresponds to an n- Poncelet trajectory, where 

Xi = sn(u + 4(z + 1)uj, k) i = 0, . . . , n — 1, y = sn(u/N, A). 

We can make another view on the situation. Let us consider three arithmetic 
functions. Suppose an natural number n g N be given by its prime decomposi- 
tion: 

fei kn k r 

n = p 1 p 2 ■■■Pr ) 

where pi are different prime numbers. Following [2J, we define a function t(n), 
the number of primitive n-torsion points on an elliptic curve: 

t(n) := (pi - VpT^ipi - l)pT 2 - 1] l)pf k ^\ 

As an example, for n = p a prime number, t(p) = p 2 — 1. The function t 
is a multiplicative arithmetic function. It represents the number of Poncelet 
polygons in total up to the porism, with fixed caustic and confocal pencil of 
conies. 

As the second arithmetic function, we introduce a function cr'(n) as a mul- 
tiplicative function which is for n odd equal to 

o-'(n) = n f 1 + -j-J + " + ' n ° dd ' 
For n = 2 k we define 

cr'(2 fc ) := 2 fe+1 - 1. 
For example, for n = p a prime number, we have 

a'{p) =p+l = a(p), 
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the a' function in this case is equal to the a function, the sum of divisors of p. 
The function cr'(n) counts the number of degree n elliptic coverings of the above 
form assuming the module k being fixed. The number of transformations listed 
in Theorem (|10p for given odd number n is equal to er'(n). 

The third arithmetic function we are going to consider is well known Eulcr 
function ip(n) counting the numbers smaller than n relatively prime to n: 




Proposition 4 For n odd the identity holds: 

t(n) = er'(n) • (p(n). 

Proposition 5 For n = 2 k , k > 1, the inequality holds: 

t(n) < o~ (n) ■ (f(n). 
The equality holds only for k = 1 . 

Theorem 11 Let m be an arbitrary odd number. For n = 2 k ■ m where k = 0, 1 
all above elliptic coverings are cyclic. 

For n = 2 k ■ m and every k > 1, there are elliptic coverings of the above form 
which are not cyclic. 

Thus, we come to the converse of the Theorem (|9]). 

Theorem 12 Let m be an arbitrary odd number. For n — 2 k ■ m where k = 0, 1 
the conditions of the Theorem (0) are sufficient as well. 

For n — 2 k ■ m, where k > 1, one needs to do careful analysis to distinguish 
those coverings which are cyclic. The general description of transformations of 
an even order n is given by 

<t>{z) - -((1 + z)(l + kz)T 2 + (1 - z)(l - kz)T' 2 ) 
f(z) = + z)(l + kz)T 2 (1 - z)(l - kz)T% 

where 

T{z) = P(z) + zQ{z), T'(z) = P(z) - zQ{z). 
Here P, Q are even polynomials, in other words, polynomials in z 2 . 
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Suppose a transformation of degree n consists of k cycles of length I, where 
n = kl: 

srn/o sn(uo + u>) ... sn(uo + {I — 
snwi sn(ui + u>) ... sn(ui + (I — 1)lu) 

snuk-i sn(u fe -i+^) ■■■ sn(v,k-i + (I - l)w) 
u% = Ui-i + oJi, i = 1, . . .k — 1, 



where 
and 



= oj - yV;. 

Denote by Ci the conic which corresponds to Ui in the pencil of conies defined 
by K and the four tangents at a,j, j = 1, ... ,4. Geometric interpretation of 
the last transformation is realized through the Complete Poncelet Theorem: 
corresponding Poncelet polygon consists of n = kl tangents to the conic K with 
vertices 

I'I'i ■ ■ ■ PkPk+i ■■■I'm.--- P(i-i) fc+ i • ■ • I'n. 
where Pi G C±, P2 € C2, and more generally 

P s eC r <^-s = r( mod k). 

The same interpretation may be done for cyclic transformations of composite 
degree n = kl as well. In the case of cyclic transformations of composite order, 
in this way we get another geometric realization beside the one connected with 
Poncelet theorem from the beginning. 



4.3 Conic choreography of the "(™)-body" problem 

In this Section we want to get effective description of polynomials / and <f> 
which satisfy the Theorem @ . We use paramctrizations of the transformations 
obtained by classics algebraically. For small odd numbers, we give complete 
description of initial data of the isofocal transformations which correspond to 
the cases of complete decomposition of the Poncelet-Darboux curves. 

Assume n is an odd number. Then all transformations are given by the 
formulae 

<f>(x) =P 2 + 2PQ + Q V 
f(x) =x{P 2 + 2PQ + Q 2 x 2 ) 
where P and Q are polynomials in x 2 : 

P(x) =a + •yx 2 + ex 4 + ... 
Q(x) = [3 + Sx 2 + (x 4 + 
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of degree p in x 2 both if n = 4p + 3 and of degree p and p — 1 respectively if 
n = Ap+l. Then 

1 = 1 + ^. 

TV a 



n = 3 case 

For n = 3 we have 

P = a, Q = /?. 

Thus 

f(x) = (a 2 + 2a ■ /3)x + f3 2 x 3 

<j>(x) = a 2 + (2a -P + P 2 )x 2 . 

Now, one can easily get the initial data of the isofocal deformations, which 
correspond to completely decomposable situation for n = 3. 



Proposition 6 The initial data of completely decomposable situation are given 
up projective-linear transformations, by the formulae 

ai = 



/ a 2 + 2a(i 

a23 = ± V — 

P 2 {2aP + l3 2 ) 



m 2 = m 3 



a 2 + 2a/3 

a 2 (a 2 + 2a(3) + f3 2 (2a{3 + p 2 ) 
2(a 2 + 2a/?) ' 



Case n = 5 

For n = 5 we have 

P{x) = a + T x 2 , Q(x)=/3. 

Thus, 

f{x) = x{(a 2 + 2a ■ /?) + (/? 2 + 2a 7 + 2 7 /?)x 2 + 7 x 4 ) 
</>(x) = a 2 + (2a/? + 2a 7 + f3 2 )x 2 + ( 7 2 + 2/? 7 )x 4 . 

Denote by 



_ ~(2a 7 + 2 7 /? + /? 2 ) + V£> 

A ~ 2T 2 

_ -(2a 7 + 2 7 /? + /? 2 )- sTD 

B - 2? 

D = 2a 7 + 2 7 /? + /? 2 - 4 7 2 (a 2 + 2a/?). 



Now we have 
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Proposition 7 The initial data of completely decomposable situation are given 
up projective-linear transformations, by the formulae 

ai = 

0-23 = ±VA 
oy 5 = ±VB 

7 2 + 207 



mi 



AB 



1 



m 2 = m 3 



= 77T.5 = 



2(B — A) 
1 

2(B - A) 



(2aj + 2(3a + 2 



(2a 7 + 2f3a + f3 2 + 



A + B 
~AB~ 
A + B 
AB 

Case n = 7 



( 7 2 + 2a 7 ) - Aa 2 + ll±^l) 
B 

( 2 , o ^ n 2 , 7 2 + 2a7, 
(7 + 2ci7j - Ba H — , 



For n, = 7 wc have 



J P = a + 7 .x 2 , Q = /3 + <5:c 2 



and 



cj) = x{a 2 + 2af3 + (2(a 7 + 7/? + ac5)x 2 + (7 2 + 2{jS + f3S)x 4 + 5 2 x e ) 

f = a 2 + (2(07 + a/?) + (3 2 )x 2 + ( 7 2 + 2( 7/ 3 + aS + (36))x 4 + (2 7 <5 + S 2 )x 6 . 

Denote by Ai, A2,A$ the three roots of the polynomial 

{a 2 + 2a[3 + (2(a 7 + 7/3 + aS)x + ( 7 2 + 2( 7 c5 + /3(5)a: 2 + 5 2 x 3 , 

and the seven zeros of the polynomial 4> are 

a = 0, ai2 = ±\[~A\ 
034 = ±\fM, a 56 =±^/A^. 

To calculate the initial weights, introduce the new coordinates 

Z\ = to 2 + to 3 , Z\ = m-j — ms 

Z2 = TO4 + TO5 , Z-J = TO. 4 — 171$ 

Z$ = to 6 + to 7 , Z 3 = to 6 — m 7 
Now, one gets the initial weights from the system of linear equations: 

2 7 <S + 5 2 



mi 



a' 
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where 



Z\ + Z 2 + Z3 = di 
a\Zi + a\Z 2 + alZ 3 = d 2 

a\{a\ + a%)Zi + a\(a\ + a\)Z 2 + a^{a\ + a\)Z 3 = d 3 

a 2 Zi + a^Z 2 + a 6 Z 3 = 

a 2 {a\ + af)Zi + a A {a\ + a^)Z 2 + a§{a\ + a\)Z 3 = 

2 2 £7 2 2 ry 2 2 A 

a 2 a 4 a 6 2'i + a 4 a 2 Q! 6 Z2 + aQa i a 2 Z 3 = 0, 

2 2j6 + 6* 

d x = a 

or 

d 2 = ( 7 2 + 2(7/3 + aS) + 2(35) - a 2 ( 7 2 + 2 1 5 + 2/36) 

d 3 = ( 7 2 + 2(7/3 + ad) - 27<5 ^ 2 (2(a 7 + 7/3 + erf) + /3 2 ). 



5 Concluding remarks 
5.1 Bifocal transformations 

After studying isofocal deformations, we may pass to a new class of deforma- 
tions, to bifocal deformations, denned by the relation 

mi(t) m n (t) f(z)+tg(z) 

t{h z- ai (t)^'" + z-a n (t) <j>{z) + tf{zY {0) 

where polynomials <f> and / are the same as before, and g is a new polynomial 
of degree n — 1. 

By applying the Moser trick once again and using the Flashka coordinates, 
we come to the following 



Proposition 8 The dynamical system |^6| ) reduces in the Flashka coordinates 
to the form 

di = &i = 

d 2 = b 2 = 



6„- 2 = (47) 



_ 6„-l ; . 

On-l — — —1 

On-X 

6n = -1. 



27 



Denote zeros of the polynomial Gt(z) = f(z) + tg(z) as fi(t), . . . , f n -i(t). 
Here /i(0) = fx, . . . , /„_i(0) = f n -i are zeros of the polynomial /. In bifocal 
case, focal points of Mardcn curves evolve during the time as zeros of Gt ■ 



Denote by a(a) := a(a±, . . . , a n ) the matrix 
a(a) 



(I I ... 1 \ 

oj(ai,...,a„) crf(ai,...,Q! n ) ... <7f(ai, . . . , a n ) 



\ a 1 n _ 1 (a 1 , . . . ,a„) C7^_ 1 (a 1) . . . , a n ) ... &%_ 1 [a 1 ,...,OL n )) 
Denote also the columns 



(48) 



d = ( 6i\ a>2 ... a n 

B = (B 1 B 2 ... B 

(mi m 2 ... m n ) 

(mi m 2 ... m„ ) 



T 

f 

T 
T 



Proposition 9 The first part of the differential equations for isofocal and bifo- 
cal deformations may be written down in the following way: 

a = a -1 (ai, . . . , a n ) B . (49) 
The second part of the equations of motion are equivalent to 

m = a~ 1 (a)(C — a(ce)m), (50) 

where a(a) := a{a.\, . . . , a n ) denotes the matrix obtained from a(a,\, . . . , a n ) by 
differentiating each matrix entry of the matrix a with respect to the time, taking 
into the account the equations J^ff| )- The column C is equal to the differential 
of the column B with respect to the time. In the case of isofocal deformations, 
C is equal to the zero-vector. 

The second part of the equations of motion follows by differentiation with respect 
to time, from the relation, 

a(ai, . . . ,a„)m = B . 
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5.2 Toma-Trautmann case of a conic component 



There is one more interesting case of conic component of a Darboux-Poncelet 
curve. Such cases have been studied by Trautmann systematically in [5D], fol- 
lowing an example constructed by Toma. It is the case where a conic component 
C of a Poncelet-Darboux curve S of degree n — 1 is by itself a Poncelet-Darboux 
curve. In other words, in this case the conic C is 3-Ponclet related to the caustic 
K. Suppose that S is defined by a pencil of polynomials of degree n generated 
by / and <fi. Applying the same arguments as before we conclude that there 
should exist four parameters ti, £2,^3,^4 such that 

$ tl (z) :=4>{z)+t 1 f{z) = (z - a 1 )Q\{z)S 1 {z) 
$ t2 (z) := ct>{z) + t 2 f(z) = {z- a 2 )Ql(z)S 2 (z) 
*,,(*) := cf>{z) + t 3 f(z) = {z- a 3 )Ql(z)S 3 (z) 
$ t4 (z) := 4>{z) + Uf{z) = (z- ai )Ql(z)S 4 (z); 

where polynomials Qi are of degree one and polynomials Si are of degree n — 3. 
Thus we get 

Proposition 10 Denote by T hyperelliptic curve of genus g = 2n — 5 defined 
by the equation 

V 2 = (z- ai)(z - a 2 ){z - a 3 )(z - a4)Si(z)S 2 (z)S 3 (z)S 4: {z), 

and by T 2 the elliptic curve 

Y 2 = (X+ t x )(X + t 2 )(X + t 3 )(X + U). 

The Toma- Trautmann case of conic component of a Poncelet-Darboux curve of 
degree n — 1 is related to the above covering of the hyperelliptic T of genus 2n — 5 
over the elliptic curve T 2 . 

Although the hyperelliptic coverings of elliptic curves are much more compli- 
cated than the elliptic coverings of elliptic curves discussed above, an intensive 
study of former coverings has been done, see for example [I], [21] and references 
therein. It sounds as an interesting question to describe hyperelliptic coverings 
which arise in the Toma-Trautmann case. 

5.3 Infrapolynomials and the positivity problem in isofo- 
cal dynamics 

From [T3] we know that one important interpretation of the Marden Theorem is 
connected with the study of infrapolynomials (see Section 5 of Chapter 1 of [13j 
for definitions). After Fekete it is known that for given closed bounded set E 
containing at least n+l points, a polynomial p of degree n is an infrapolynomial 
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if there exist an integer k, such that n < k < 2n, a set of positive constants 
rrij, such that mo + • • • + rrik = 1 and a set of k + 1 points {zq, Zi, . . . , z^} C -E 
such that p(z) is a factor of the polynomial F(z): 

F (z) = n(z)J2-±-, n(z) = f[(z- Zj ). 

j=o z Zj j=0 

The last theorem of Fekete and the connection with the study of infraplynomials 
thus motivate a study of positivity conditions in our isofocal dynamics: 1) to de- 
scribe intervals in isofocal dynamics where all weights are positive; 2) to describe 
the initial values for which the weights are positive during entire evolution; 3) 
to relate more closely isofocal dynamics and the theory of infrapolynomials. 

6 Appendix 

The case n = 3. Even in the simplest case n = 3 when the curve C is a conic, 
inscribed in the triangle formed by the zeros of a polynomial of degree 3 and 
tangent to the sides of the triangle at their midpoints, the result of the Siebeck 
theorem is nontrivial and interesting and attracted lot of attention not only in 
the past but also nowadays (see for example [H]). We are going to present main 
points of the proof of the Siebeck theorem for n = 3 following mostly [12] and 
references therein. 

We start with well known focal properties of ellipses and caustic properties 
of elliptical billiards. They are going to play central role in the proof of the 
Siebeck theorem. 

Lemma 10 (Focal property of the ellipse) Let£ be an ellipse with foci F±, F2 
and A € £ an arbitrary point. Then segments AF\, AF2 satisfy the billiard law 
on E . 

Lemma 11 Let two lines satisfy the billiard law on the ellipse £ . If one of the 
lines is tangent to the ellipse £' that is confocal with £ , then the other one is 
also tangent to £' . 

Corollary 1 Let T be a billiard trajectory within ellipse T. If C is a conic 
confocal to £ such that one segment of T is tangent to C, then all segments of 
T are tangent to C. 

Corollary 2 Let B be a point outside the ellipse £' with focal points F\ and 
Fi- Denote tangents to the ellipse from the point B as BB\ and BB2, where 
Bi are points of contact with the ellipse. Then the angles B\BF\ and -B2-B/2 
are equal. 
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The first observation in the proof is that the statement is invariant to applica- 
tions of affine transformations. Now, we assume that a real plane is identified 
with the field of complex numbers and that numbers 01,02,03 correspond to 
numbers — 1, l,w where w is in upper half-plane. 
The polynomial P gets the form 

P(z) = (z - l)(z + l)(z ~w) = z 3 - wz 2 - z + w, 

and the derivative is 

2 2 r 



DP(z) = 3 I ^ - -wz - 3 
Denote the zeros of the derivative as 2:4, z 5 . After some analysis of the formulae 



Zi + z 5 = -w 

1 

z±z 5 = -- 

we conclude that both of the points 24 and 25 are in the upper half plane. Then, 
from the second formula we conclude that the sum of their arguments #4 and #5 
is equal to it. Denote the line connecting 24 and the origin O as L Zi o and the line 
connecting 25 and the origin O as L Zb o- As a result, we come to the conclusion 
that the angle between the line L Zi o and negative real semi-axis is equal to the 
angle of the line L Z5 o and the positive real semi-axis. By application of focal 
properties of ellipses, Proposition IjlOp and Proposition Ijlip. we see that there is 
an ellipse E±, with 2:4, Z5 as foci, such that it touches the real axis at the origin. 
In other words, it touches the segment [0:1,0:2] at the midpoint. 

By symmetry, we see that there are confocal ellipses E±, E2 and £3 with 
focal points at the zeros of derivative of the polynomial, each of which touches 
one of the sides of the triangle in the midpoint. 

Next, we need to show that these three ellipses coincide. Again, we apply 
affine transformation and transform the triangle to a new one with vertices 
0,1, w, where w is again in the upper half-plane. 

The polynomial P gets the form 

P(z) = z(z - l)(z - w) = z 3 - (1 + w)z 2 + wz, 
and the zeros Z4, 2:5 of the derivative 

DP{z) = 3 [ z 2 - -(1 + w)z + w 



satisfy 



3 



2 



3 

w 
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After analysis of the last formulae we again conclude that 2:4, z 5 are in the upper 
half-plane and that the sum of their arguments is equal to the argument of w. 
As a result, this time we see that the angle between the line L Zi o and the 
line Low is equal to the angle of the line L Z5 o and the positive real semi-axis. 
From previous considerations, we know that the ellipse E\ with z±, z 5 as focal 
points touches real axis at the point 1/2. One can easily see that the origin O 
is outside the ellipse E\. Now, we apply another well known focal property of 
ellipses (see Corollary of Proposition (fTTj) to the ellipse E\ , point O outside E\ 
and two tangents t\ and £2 to E\ from the point O. The angle between t\ and 
Loz 5 is equal to the angle between ti and Lo Zi . One tangent, t\ is the real axis. 
Thus, the second tangent coincides with the line Low This proves that the 
line Low is tangent to the ellipse E\. But, again by focal properties of ellipses, 
(see Proposition (fit))) ) among confocal ellipses, there is only one tangent to a 
given line. This shows that E\ = E2 and E\ touches the segment [O, w] at the 
midpoint. This finishes the proof of the Siebeck theorem in the case n = 3. 

The Lemmae and Corollaries from the beginning of the Appendix play very 
important role in the study of billiard systems within ellipses. These systems 
provide mechanical interpretation of the Poncelet theorem and this is the way 
how potential connection of Marden's and Poncelet's theorem has been antici- 
pated. 

Acknowledgements 

The research was partially supported by the Serbian Ministry of Science and 
Technology, Project Geometry and Topology of Manifolds and Integrable Dy- 
namical Systems. The last part of the paper has been written during a visit to 
the IHES. The author uses the opportunity to thank the IHES for hospitality 
and outstanding working conditions. 



32 



References 

[1] R. D. M. Accola, E. Previato, Covers of tori: genus two Lett. Math. Phys. 
76 (2006) 135-161 

W. Barth, J. Michel, Modular curves and Poncelet polygons Math. Ann. 
295 (1993) 25-49 

[3] M. Berger, Geometry, Springer- Verlag, Berlin, 1987. 

[4] G. Darboux, Principes de geometrie analytique, Gauthicr-Villars, Paris 
(1917) 519 p. 

[5] G. Darboux, Legons sur la theorie generate des surfaces et les applications 
geometriques du calcul infinitesimal, volumes 2 and 3, Gauthier-Villars, 
Paris, 1887, 1889. 

[6] V. Dragovic, M. Radnovic, Geometry of integrable billiards and pencils of 
quadrics, Journal Math. Pures Appl. 85 (2006), 758-790. 



arXiv: math-ph/0512049 



[7] V. Dragovic, M. Radnovic, Hyperelliptic Jacobians as Billiard Algebra of 
Pencils of Quadrics: Beyond Poncelet Porisms, Adv. Math., 219 (2008). 
arXiv: math-ph/0710.3656 

H. Flashka, The Toda Lattice I, Phys. Rev. B 9, (1974) 1924-1925 

[9] R. Hartshorne^taWe vector bundles of rank 2 on P3, Math. Ann. 238 
(1978), 229-280. 

[10] A. Hirschowitz, M. S. Narasimhan, Fibres de 'tHooft speciaux et applica- 
tions, Proc. Nice Conf. 1981, 142-163, Birkhauser (1982) 

[11] C. Jacobi, Fundamenta nova theoriae functiorum ellipticarum (1829) 

[12] D. Kalman, An Elementary Proof of Marsden's Theorem The American 
Mathematical Monthly, 115 (2008) 330-337 

[13] M. Marden, Geometry of Polynomials, AMS, Math. Surveys, No 3, Second 
edition (1966) 243 p. 

[14] J. Moser, Finitely many mass points on the line under the influence of an 
exponential potential-an integrable system, Lecture Notes in Physics, 28 
Springer (1975), 467-497 



[15] J. Moser, Three integrable Hamiltonian systems connected with isospectral 
deformations, Adv. Math., 16 (1975) 197-220 

[16] M. S. Narasimhan, G. Trautmann, Compactification of Mp 3 (0,2) and Pon- 
celet pairs of conies, Pacific J. of Math. 145 (1990) 255-365 

[17] J. V. Poncclct, Traite des proprietes projectives des figures, Mett-Paris, 
1822. 

[18] J. Siebeck, Ueber eine neue analytische Behandlungweise der Brennpunkte, 
J. Reine Angew. Math. 64 (1864) 175-182 

[19] G. Trautmann, Poncelet curves and theta characteristics Expositioncs 
Mathematicae, 6 (1988) 29-64 

[20] G. Trautmann, Decomposition of Poncelet curves and instanton bundles, 
A. St. Univ. Ovidius Constanta, 5 (1997) 105-110 

[21] A. Trcibich, Hyperelliptic tangential covers and finite-gap potentials Rus- 
sian Math. Survays 56 (2001) 1107- 1151 



34 



